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1. Introduction 

A revival of interest to the problem of covariant formulation for eleven dimensional su¬ 
perstring is due to the search for M-theory (see Refs. 1-5 and references therein) which 
is expected to be the underlying quantum theory for the known extended objects. In the 
strong coupling limit of M-theory oo, where is the radius of 11th dimension, 

the vacuum is eleven dimensional Minkowski and the effective held theory is D = 11 su¬ 
pergravity. Up to date, D = 11 supergravity is viewed as the strong coupling limit of the 
ten dimensional type IIA superstring0. Since D = 11 super Poincare symmetry survives 
in this special point in the moduli space of M-theory vacua (’’uncompactihed M-theory” 
according to Ref. 5), one may ask of the existence of a consistent Dll quantum theory 
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with D = 11 supergravity being its low energy limit. One possibility is the supermem¬ 



brane actioiB □, but in this case one faces with the problem of a continuous spectrum for 
the first quantized . By analogy with the ten dimensional case, where 

the known supersymmetric field theories can be obtained as the low energy limit of the 
corresponding , the other natural candidate might be a D = 11 superstring 




theory. But the problem is that a covariant formulation for D = 11 superstring action 
is unknown even at the classical level. The classical Green-Schwarz (GS) superstring 
(with manifest space-time supersymmetry and local ^-symmetry) can propagate in 3, 4, 



6 and 10 spacetime dimensionstll and the standard approach fails to construct a D = 11 


superstring action. 

The crucial ingredient in the construction of the GS superstring action is the T-matrix 
identity 


= 0 , 


( 1 ) 


It provides the existence of both global supersymmetry and local ^-symmetry for the 


actionlllM. The K-symmetry, in its turn, eliminates half of the initial ^-variables as well 


as provides free dynamics in the physical variables sector. In this paper we discuss a 
possibility to construct a classical superstring action with those two properties in eleven 
dimensions. Subsequent development of our method may shed light on the problem of 
constructing the corresponding quantum theory. To elucidate the construction which will 
be suggested below let us discuss the problem in the Hamiltonian framework, where one 
hnds the well known fermionic constraints Lq, = 0 (see, for example. Refs. 11 and 12) 
which obey the Poisson brackets 


{L„, Lp} = + n(‘)r^^h(a - a') - - a'). 


( 2 ) 


By virtue of Eq. (1), the last term in Eq. (2) vanishes for D = 3,4,6,10. The resulting 
equation then means that half of the constraints are hrst class, which exactly corresponds 
to the K-symmetry presented in the Lagrangian framework. 

The next step is to impose an appropriate gauge. Then the following set of functions: 


La — 0 , 

T+e = 0 , 


( 3 ) 

( 4 ) 


is a system of second class (even through Eq. (1) has not been used). 
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The situation changes drastically for the D = 11 case, where instead of Eq. (1) one 

hndJiHii 

= 0. (5) 


Being appropriate for the construction of the supermembrane action [6], this identity 
does not allow one to formulate a D = 11 superstring with desirable properties. As was 
shown by CurtrightEl, the globally supersymmetric action based on this identity involves 
additional to x\ 9a, 9a degrees of freedom in the physical sector. Moreover, it does not 
possess a ^-symmetry that could provide free dynamicsEi’0. 


In this paper we suggest a. D = 11 super Poincare invariant action for the classi¬ 
cal superstring which has free dynamics in the physical variables sector. Instead of the 
standard approach based on the searching for an action with local ^-symmetry (or, equiv¬ 
alently, with corresponding first class constraints), we present a theory in which covariant 
constraints like Eqs. (3), (4) arise among others. Since it is a system of second class con¬ 
straints, K-symmetry and the identity (5) are not necessary for the construction. Thus, 
at the classical level, a superstring of the type described can exist in any spacetime di¬ 
mension and the known brane scan@ can be revisited. For dehniteness, in this paper we 
discuss the D = 11 case only. 

Two comments are in order. First, one needs to covariantize Eq. (4). The simplest 
possibility is to introduce an auxiliary variable A^(r, cr) subject to A^ = 0 and replace 
Eq. (4) by h^T^9 = 0. The most preferable formulation seems to be that in which the 
gauge A“ = 1 is possible. Then Eq. (4) is reproduced. Unfortunately, it seem to be 
impossible to introduce a pure gauge variable with the desired properties&B. Below, 
we present a formulation in which only zero modes of auxiliary variables survive in the 
sector of physical degrees of freedom. Since states spectrum of a string is determined by 
the action on the vacuum of oscillator modes only, one can expect that the presence of 
the zero modes will be inessential for the case. This fact will be demonstrated within the 
canonical quantization framework in Sec. 2 and 4. 

Second, one expects that a model with constraints like Eqs. (3), (4) will possess (if 
any) off-shell super Poincare symmetry in a nonstandard realization. Actually, global 
supersymmetry which does not spoil the equation A^r^6* = 0 looks like 59 ~ A^T^e. 
On-shell, where A^ = 0, only half of the supersymmetry parameters e" are essential. 

It is worth mentioning another motivation for this work. As was shown in Refs. 21-25, 
an action for the super H-brane allowing for the local ^-symmetry is very complicated. 
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One can hope that onr method being applied to that case, will lead to a more simple 
formulation. 

The work is organized as follows. In Sec. 2 we present and discuss an action for the 
auxiliary variable A^, which proves to be a necessary ingredient of our construction. In 
Sec. 3 a covariant action for the eleven dimensional superstring and its local symmetries 
are presented. In Sec. 4 within the framework of the Hamiltonian approach we prove that 
it has free dynamics. In Sec. 5 the role of the Wess-Zumino term presented in the action 
is elucidated. In Sec. 6 off-shell realization of the super Poincare algebra is derived and 
discussed. Appendix contains our spinor convention for D = 11. 


2. Action for auxiliary variables and their dynamics 


As was mentioned in the Introduction, we need to get in our disposal an auxiliary light¬ 
like variable. So, as a preliminary step of our construction, let us discuss the following 
D = 11 Poincare invariant action 


A 





( 6 ) 


which turns out to be a building block of the eleven dimensional superstring action con¬ 
sidered below. Here A^((j“) is a D = 11 vector and a d2 scalar, is a H = 11 and 

d2 vector, while 0(o'“) is a scalar held. In Eq. (6) we have set = —1 and 

it was also supposed that C [0,7r]. From the equation of motion 6S/6(j) = 0 it follows 
that A^ is a light-like vector. 

Local symmetries of the action are d = 2 reparametrizationsQ and the following trans¬ 
formations with the parameters Uaicr^)'. 

duj(j) = (7) 


^Note that the coupling to d = 2 metric is not necessary due to the presence of the 

symbol and the supposition that the variable cj) transforms as a density = det{da'/da)4>{a) 

under reparametrizations. 
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These symmetries are reducible because their combination with the parameters of a special 
form: Ua = daUJ, = —uA^ is a trivial symmetry: = —cu^aA^, = 0 (note 

that daA^ = 0 is one of the equations of motion). Thus, Eq. (7) includes 12 essential 
parameters which correspond to the primary Erst class constraints pg ~ 0, ~ 0 in the 

Hamilton formalism (see below). 

Let us consider the theory in the Hamiltonian framework. Momenta conjugate to the 
variables A^, A^, 0 are denoted by All equations for determining the momenta 

turn out to be the primary constraints 


TT4, = 0, 


P^ = 0; 

( 8 ) 

p;( = o, 


1 

> 

O 

( 9 ) 


The canonical Hamiltonian is 


H = da^ 


A^diA^ + — A^ + A^tt^ + A((p(( + AgPo + KiPi ~ 


( 10 ) 


where A* are the Lagrange multipliers corresponding to the constraints. The preservation 
in time of the primary constraints implies the secondary ones 


9iA^ = 0, 

A2 = 0, (11) 


and equations for determining some of the Lagrange multipliers 

K = diAS + A", 

K = 0 . ( 12 ) 

The tertiary constraints are absent. 

Constraints (9) form a system of second class and can be omitted after introducing 
the corresponding Dirac bracket (the Dirac brackets for the remaining variables prove to 
coincide with the Poisson ones). After imposing the gauge fixing conditions 0 = 2, Ag = 0 
for the first class constraints (8), dynamics of the remaining variables is governed by the 
equations 

= rf, 
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p>i = Q- 

( 13 ) 

{p^i? = 0 , 


diPi = 0 . 

( 14 ) 


In order to find a correct gauge for the second constraint in Eq.(14), let us consider Fourier 
decomposition of functions periodical in the interval a C [0, tt] 

n^O 

Plir, a) = P^{t) + (15) 

n^O 

Then the constraint diPi = 0 is equivalent to = 0, n 7 ^ 0, and an appropriate gauge 
is = 0, or, in the equivalent form diA^ = 0. Thus, physical degrees of freedom of the 
model are the zero modes Q of these variables, and the corresponding dynamics is 

A>({T,a) = Y^ + Py^T, 

Pi{t, <r) = q* = const. 

= 0 . ( 16 ) 

Since there are no of oscillator variables, the action ( 6 ) can be considered as describing a 
point-like object, which propagates freely according to Eq.(16). The only quantum state 
is its ground state | Pyo > with the mass rriy = Py^ = 0. In the result, these degrees of 
freedom do not make contributions into the state spectrum of the superstring (see Sec.4), 
and manifest themselves in additional degeneracy of the continuous part of the energy 
spectrum only. The action of such a kind was successfully used beforeSi in a different 
context. 

Note that in the previous discussion it was assumed that variables of the theory are 
periodical in the interval a C [ 0 , 7 r]. For an open world sheet, the stationarity condition 
^S'r = 0 for the Hamiltonian action 

Sr = J cfalpA^ - H{q,p)] 

yields 

j dr{h'‘SAX~J>) = 0. (17) 


^We are grateful to N. Berkovits and J. Gates for bringing this fact to our attention 
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Since the variations 6Aq\„=q.,^ are arbitrary, this equation requires A'^|o-=o, 7 r = 0. By virtue 
of Eq. (9) it leads to the trivial solution |o-=o, 7 r = 0. In contrast, for the closed world 
sheet one has (5r"^|o-=o = for any variable and Eq. (17) is automatically 

satisfied. Hence, the model (6) has nontrivial solution being determined on the closed 
world sheet only. 


3. Eleven dimensional superstring action and its local symmetries 


The D = 11 action functional to be examined is 

. r ^gah 


S= d^a 


l2v/=^ 


WJl'"^-ie^^daX^{eV^dbe)- 


1 




(18) 


where 6, ijj are 32-component Majorana spinors and = daX^ — iOT^daO. Let us mention 
the origin of the terms presented in Eq. (18). The hrst two terms are exactly GS-type 
superstring action written in eleven dimensions. The meaning of the last two terms has 
been explained in the previous section. The third and the fourth terms will supply the 
appearance of the equations A^T^^ = 0 and A^ = 0. Thus, the variables "0“ and (j) are, in 
fact, the Lagrange multipliers for these constraints. 

Note also that the Wess-Zumino term in the H = 10 GS action provides the appear¬ 
ance of the local K-symmetryl^. In our model it plays a different role, as will be discussed 
below. 

Let us make a comment on the local symmetries structure of the action (18). Lo¬ 
cal bosonic symmetries are d = 2 reparametrizations (with the standard transforma¬ 
tion laws for all variables except for the variable 0, which transforms as a density: 
0'((j') = det{da'/da)(j){a) ), Weyl symmetry, and the transformations with parameters 
and a;a(cr^) described in the previous Section. 

There is also a fermionic symmetry with parameters x"(cr“): 


50 = AT'^A^, 
6(f) = -(f)^{xd), 


(19) 


from which only 16 are essential on-shell since h? = 0. As shown below, reducibility of 
this symmetry make no special problem for covariant quantization. 
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Let us present arguments that the action constructed describes a free theory. Equa¬ 
tions of motion for the theory (18) are 

= O; (20a) 

da = 0; (20b) 

+ e<^’’9f^da9Wk9^T>^^^^CT>;s) + *A^(r^^), = 0; (20c) 

= 0, 

= 0; (20d) 

daA^ = 0 , 

+ -A^ + = 0; (20e) 

4> 


where 

p-,a ^ 1 _ A 

nv^ y 

Multiplying Eq. (20c) by A^E^ one gets 

(A^nnP“'’“<9a0 = 0. (21) 

In the coordinate system where A“ = 1, supplemented by the conformal gauge, it can be 
rewritten as 

(^0 + di)9 = 0 , ( 22 ) 

from which it follows that any solution 9{a) of the system (20) obeys this free equation. 

Thus, Eqs. (20a-c) for the g'^^, x^, 0“ variables in fact coincide with those of the 
GS string and are accompanied by A^F^^ = 0. The latter reduces to r+6' = 0 in the 
coordinate system chosen. In the result, one expects free dynamics in this sector provided 
that the conformal gauge has been assumed. In the next section we will rigorously prove 
this fact by direct calculations in the Hamiltonian framework. 


4. Analysis of dynamics 


From the explicit form of the action functional (18) it follows that the variable A^ can 
be excluded by making use of its equation of motion. The Hamiltonian analog of the 



situation is a pair of second class constraints = 0, = 0, which can be omitted 

after introducing the associated Dirac bracket (see Sec. 2). The Dirac brackets for the 
remaining variables prove to coincide with the Poisson ones and the Hamiltonian looks 
like 

H = Jda^ + t^r^e)+ 

+ 0(Pl)^ + + ^OfiPo + + -hQ,Ae“| , (23) 


where p^, pg, Pi, p^a, {'^g)ab are momenta conjugate to the variables Aq, A^, ipa, gab, 
respectively; A* are Lagrange multipliers corresponding to the primary constraints. In 
Eq. (23) we also denoted 


N 

N, 




gOO 

,01 


,00 ’ 


pf^ = p>^- ier^^diO, 

L^=Pea-t{p^ + Tl^i){eT^)a 


0 . 


(24) 


It is interesting to note that the fermionic constraints Lq, = 0 obey the algebra (2) and, 
being considered on their own (without taking into acconnt the constraints ^P^pi^ = 0 
which will arise below), form a system which has no dehnite class (this corresponds to 
the lack of ^-symmetry in the GS action written in eleven dimensions). 

The conservation in time of the primary constraints implies the secondary ones 
'9iPi = 0, 

ip^if = 0 , 

(0r^)„p)‘ = 0, 

(p^±nj‘)2 = 0; (25) 

+ n?) + + i(v;r'‘)„A»‘- 

-{diOr^UN + N,){r + nf) - pernMNiP + iVinf) = o. ( 26 ) 

At the next step, there arises only one nontrivial eqnation. From the condition 
{^T^P]*, iL} = 0 one gets 

(^r^)„p)‘ = 0. (27) 
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Equations (25), (26) are equivalent to 


{N + N,)d,e + ^l 

( 28 ) 

{'PT^ctP'l + {9T>^)etD^ = 0 , 

( 29 ) 


where we denoted 

= iiP'" + ^i) - diiNp>^ + iViH^), 

~ _ di{Np>^ + N^U^)p^ 

^ “ iP>^ + n)‘)p(‘ • 

Thus, we have Eq. (27) for determining the Lagrange multiplier Xg and the tertiary 
constraint = 0. One can check that there are no more constraints in the problem. 

Hamiltonian equations of motion for the variables {'n'g)ab), (0, tJ'^), (^O)Po)) 
look as follows: d^q = A^, (9oPg = 0, while for other variables one has 


(p 


doPi = 0, 

(30a) 

= -Np>^ - - iOT^^Xg, 


doP^ = -di{NU>^ + Nip^^) + lOT^Xg, 

(30b) 

do9^ = -XI 

(30c) 


Note that equations d^poa = ... have been omitted since they follow from the constraints 
La = 0 and other equations. 

To go further, note that the constraints {'Kg)at = 0 form a nonvanishing Poisson bracket 
with the Set from Eq. (29). A modiheation which splits them out of other constraints is 

= (t!,u + (p*r'T‘'»)(p‘‘ + nr)T\t, 

with being dehned by the equality {{'Kg)ab, = L^afe(i9r^)a. Hence, the constraints 

{Kg)ab = 0 are hrst class and one can adopt the gauge choice = 77 “^. The full set of 

constraints can now be rewritten in a more simple form 


Ktf, = 0, 

Po = 0; 

= 0 , 
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(31a) 



= 0 , 

iP^±u>if = o, 

La = 0 , 

= 0 , 


Pi/ia 0) 

+ {9T^)aD^ 


0 . 


where 


+ n^) - dipf^, 
“ (p^ + Tii)piu' 


(31b) 


(32) 


Now, let us impose gauge fixing conditions to the first class constraints (30.a). The 
choice consistent with the equations of motion is 

0 = 2 , 

= -i r da'^T^^e. 

Jo 

After that, dynamics for the remaining variables looks like 
<9o0“ = A^“, 

doPijja 0, 

Pipa 0, 

Sa = 0; (33a) 

00^1 = Pi, 

doPi = 0, 

{p^iY = 0, 

dip'^ = 0; (33b) 

dox'^ = —p^, 
dop^ = —didix^, 

(p^ ± = 0; (33c) 

doe = -di9 - ^9, 

La = 0 , 

i9T^)aPit. = 0. (33d) 
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The sector (33.a) includes 32 + 16 independent constraints from which the hrst class 
ones can be picked out as follows: 

= 0- (34) 


As was mentioned above, reducibility of the constraints does not spoil the covariant 
quantization program. Actually, let us impose the following covariant (and redundant) 
gauge hxing conditions for the constraints (34): 


" (p + ni)pi 


+ fli^) = 0. 


(35) 


Then the set of equations Sa = 0, S^a = 0 is equivalent to 


S' = i)- 


1 

2(p + ni)pi 




(36) 


the latter forms a nondegenerate Poisson bracket together with the constraints 
Ca/3- 


= 0 
(37) 


After passing to the Dirac bracket associated with the second class functions p^a, S'^, the 
variables ip, p^ can be dropped. 

To proceed further, we impose the gauge diAi = 0 for the constraints in Eq. (33b), and 
pass to an appropriately chosen coordinate system. By making use of the Lorentz trans¬ 
formation one can consider a coordinate system where = (1, 0,..., 0,1) (note, that 
it is admissible procedure within the canonical quantization approach since the Lorentz 
transformation is a particular example a canonical one). To get dynamics in the £- 
nal form, we pass to the light-cone coordinates i = 1, 2,..., 8,10, 

{9a, &a, «, « = 1,..., 8 and impose the gauge fixing conditions 

X+ = P^T, 

p'^ = —P^ = const, (38) 


to the Virasoro first class constraints remaining in Eq.(33c). The equation dV^pi^ = 0 
acquires now the form r+6' = 0 and it is easy to show that 32 -|- 16 constraints = 0, 
T^^ = 0 are second class. A solution is 6*“ = {9a, 0,0, 9a) with 9a and 9a being SO{8) 
spinors of opposite chirality. In the gauge chosen, the relation {p^ + n^)pi^ 7 ^ 0 holds 
which correlates with the assumption made above in Eqs. (32), (35). For the remaining 
variables one gets free held equations 
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( 39 ) 


dox"' = -p\ 
dop^ = -didix^] 

(do + di)0a = 0, 

(5o + di)0a = 0. 

Moreover, 0a and 0a form two pairs of selfconjugate variables under the Dirac bracket 
associated with the constraints from Eq. (33d) 


{0a,0b} = 

[0^, h} = 








(40) 


Let us look shortly at the spectrum of the theory. The ground state of the full theory 
I Pyo,Po, 0 >=| Pyo >1 po >1 0 > is a direct product of vacua, where Py \ Pyo >= 0, | po > 
is a vacuum for zero modes of the variables x^,p^, while through | 0 > are denoted vacua 
for bosonic and fermionic oscillator modes. From Eq.(40) it follows that zero modes of 
the 0a, 0a variables form the Clifford algebra which is also symmetry algebra of a ground 
state. A representation space is 256-dimensional which corresponds to the spectrum of the 
D = 11 supergravityii. The excitation levels are then obtained by acting with oscillators 
on the ground state. One notes that zero modes P^ manifest themselves in additional 
degeneracy of the continuous energy spectrum only. 


5. A comment on the Wess Zumino term in the D = 11 superstring action 

For the D = 10 GS superstring the Wess-Zumino term provides the local fi)-symmetry01ii, 
which leads to free dynamics for physical variables. Since there is no ^-symmetry in our 
construction, it is interesting to elucidate the meaning of this term in the D = 11 action 
suggested. Let us consider the action (18) with the second term omitted. Canonical 
analysis for this model turns out to be very similar to that made above and we present 
results only. 

Instead of Eqs. (24), (28), (29) one hnds 


La = Pea - i(0T>^)c.p^ = 0, 

A(nipi) + Ai (ppi) ^^- 


Ae — 


(ppi 


( 41 ) 


L = [(ppi)V’ - di0Tp(Nii{ + Aip^rvir^^ = 0. 
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In the coordinate system where = (1, 0,, 0,1) the analog of the equations (33c), 
(33d) reads 


doX>^ = 

dop^ = 

{ p ^ ± n (‘)2 = 0 ; 


doe 



die, 


La — 0 , 

r+0 = 0, 


(42) 


provided that the conformal gauge has been chosen. 

To impose a gauge for the hrst class constraints (p^ill^)^ = 0, consider one-parameter 
set of equations^ 

x'^ = -|- C(t), 

p'^ = —P^ = const, 

c = const 7 ^ ±1, (43) 

which leads to the following dynamics for variables of the physical sector: 

dox^ = -p\ 
dop" = -didix\ 

{do — cdi)e = 0. (44) 

One can check that it is impossible to get rid of the number c by making use of some 
other gauge choice for and variables. 

Thus, omitting the Wess-Zumino term in Eq. (18) one arrives at the theory which 
possesses all the properties of the model (18) with the only modihcation in the last of 
Eqs. (39): (cIq — cdi)e = 0 with c a constant. Depending on the gauge chosen it can 
take any value except c = ±1. Hence, the dynamics is not manifestly d = 2 Poincare 
covariant, provided that 0 be a d = 2 scalar. It is the Wess-Zumino term which corrects 
this inconsistency. 


^The value c = ±1 is not admissible since in that case the Poisson bracket of the constraints 
(p^ ± n(()^ = 0 and the gauges (43) vanishes. 
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6. OfF-shell realization of the D = 1\ super-Poincare algebra 


It is convenient first to recall some facts relating to the D = 10 GS superstring. Off-shell 
realization of the super Poincare algebra for that case includes the Poincare transforma¬ 
tions accompanied by the supersymmetries 

= e", 

= -ieV>^e. (45) 

Being considered on their own, in the gauge P^^ = 0 these transformations are reduced 
to trivial shifts for variables of the physical sector 

5x^ = 0. (46) 

To get on-shell realization of the supersymmetry algebra, one needs to consider a combi¬ 
nation of the e- and ^-transformations 5^-|-, which does not violate the gauge P’''^ = 0. 
These transformations are (see, for example. Ref. 28) 

T pj^ *9—^ b da^a) 

5x^ = (47) 

We turn now to the D = 11 case. Off-shell realization of the super Poincare algebra 
for the action (18) includes the Poincare transformations in the standard realization and 
the following supersymmetries with 32-component spinor parameter e": 

59 = Ae, 

5x^^ = -i^P^Ae, 

5A\ = -2^e,,4^(OTer^e) - 2idaX^{eV^T^^e) - 2(0e)(0r^a,0), (48) 

Vy 

5i, = leyV^idjT^dy - 2dJ{d,h)l 
6(j) = 

where A = A^P^, 11^ = Ifc^P^. The action is invariant up to total derivative terms. These 
transformations are the analog of Eq. (45) since in the physical sector they are reduced 
to 59a = V^e'a, 59a = -^/2e'a, 5x" = 0. 

To hnd a global supersymmetry of the action (18) corresponding to Eq. (47) let us 
consider the following ansatz: 
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( 49 ) 


69 = An,e", 

6x>^ = 4i(An,)(0r^e") + 2i(0fl,e")A^, 


where we denoted 


— p—ab 
^Q; — ^ ^ab') 

p-a, ^ 1 (j^ 

2 

(An,) = Am/. 



(50) 


Variation of the GS part of the action (18) under these transformations looks like 

6Sgs = /'[-8(^r''e/(9/rm/)(Ane) - 4(mee'^)(a/A9/)+ 

+2(9/rmnee")(mm/) + (mmnce/((9„mm/)]- 

-2*p-'/4(m,e/(9,Anb) + 2(a/Ae/(nmc) - {eKdJibtice^ (51) 

After integrating by parts, reordering the A and 11 terms and making use of the identities 

p—abp—cd _ p—cbp—ad 

{djT^db9){AU,) = -^dJr^{A, fl,}d,e, (52) 

it proves to be possible to represent all the terms in Eq. (51) either as KAd or (9aA^T^“ 
with K and T being certain coefficient. These terms can evidently be canceled by appro¬ 
priate variations of the / and variables. The hnal form for these variations is 

= 8(mm)(mm^r^^a„0) - 5{efi^e^){er^^dae)- 
-3mmm,e/(m"9,0) - 4*£,,p-“[(0rm)(nmc)- 

-2(mee/n^], (53) 

<5/ = te^^{2idaef[,e^)dte - 8{djfi,dbey - 894(m^e/9/r^me]+ 

+5{edaiice^)dte + 3(mm/)/9mer^ + {daev^dteyfi^T^}- 

- 2/n,9mc]. 


Note that the complicated transformation law for the /-variable might be predicted, since 
one of the Lagrangian equations of motion is 

(A/)„ = (54) 
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Thus, transformation of the A'0 part of the '0-variable is dictated by this equation and 
the transformation laws for the x and 6* variables. 

Being reduced to the physical sector, Eq. (49) looks as follows: 



(55) 


= 2V2iP+(eYe' - Ofe') 
and seems to be the analog of Eq. (47). 

To summarize, in this paper we have suggested a super Poincare invariant action for 
the superstring which classically exists in any spacetime dimension. As compare with GS 
formulation for N = 1,D = 10 superstring action, the only difference is an additional 
infinite degeneracy in the continuous part of the energy spectrum, related with the zero 
modes Since supersymmetry is realised in the physical subspace (55), one also 

gets the corresponding representation in the space of functions on that subspace. This 
allows one to expect a supersymmetric spectrum of quantum states. Analysis of this 
situation in terms of oscillator variables as well as the critical dimension will be presented 
in a separate publication. 

The authors are grateful to N. Berkovits, I.L. Buchbinder, J. Gates and D.M. Gitman 
for useful discussions. This work was supported by Joint DFG-RFBR project No 96-02- 
00180G, INTAS Grant-96-0308 (A.D.), INTAS-RFBR Grant No 95-829 (A.G.) and by 
FAPESP (A.D. and A.G.). 

Note added: After this work has been completed, there appeared a paper by Bars 
and Deliduman0 where a covariant action for superstring in a space with the nonstandard 
signature {D — 2,2) was suggested. 

Appendix A: 

In this Appendix we describe the minimal spinor representation of the Lorentz group 
S'0(1,10) which is know to have dimension For this aim, it suffices to find eleven 

32 X 32 P^-matrices satisfying the equation -|- P'^p/^ = _p, z/ = 0,1,..., 10, 

^ convenient way is to use the well known 16 x 16 P-matrices of 
^(^(l, 9) group which we denote as P™-"^, m = 0,1,..., 9. Their explicit form is: 
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where 7 *^^, faa 


(YaaV are real S0{8) 7 -matricefl 

2S^ns, 


(Al) 


(A 2 ) 


where i, a, a = 1 ,..., 8 . As a consequence, the matrices F”*, F”^ are real, symmetric and 
obey the algebra 

{F™,f”} = - 27 "*”!, (A3) 


where 7 ™" = (+, —). Then a possible realization for the D = 11 F-matrices is 


= 





(A4) 


where /i = 0,1,..., 10. The properties of F”^, F™ induce the following relations for F^: 

(r°)T = -F°, 

(P)T = -p, 

(r^)* = 

{F^F"} =-27^^132, (A5) 

where 7 ^^ = (+, —). The charge conjugation matrix 

C' = F°, 

C-^ = -C, (A 6 ) 

= -1 
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can be used to construct the symmetric matrices: (CT^)"^ = CT^. 
The next step is to introduce the antisymmetrized products 




(A7) 


which have the following explicit form in terms of the corresponding S'0(1, 9) and S'0(8) 
matrices: 



/ p09 Q 
\ 0 




/ 0 
0 




/o -p' 
\r 0 

/ 0 -P 
\t^ 0 



(A8) 


(A9) 
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where i = 1,2, ...,8 and r°*, are symmetric, whereas F*!, F*®, F*’^°, F®’^° are 

antisymmetric. Besides, these matrices are real and, as a conseqnence of Eq. (A5), obey 
the commntation relations of the Lorentz algebra. 

Under the action of the Lorentz gronp a H = 11 Dirac spinor is transformed as 
59 = (AlO) 

Since the F^*^ matrices are real, the reality condition 9* = 9 is compatible with Eq. (AlO) 
which dehnes a Majorana spinor. To constrnct Lorentz-covariant bilinear combinations, 
note that 

59 = 

9 = 9'^C. (All) 

Then the combination is a vector nnder the action of the D = 11 Lorentz gronp 

(5(^F^0) = -o^^^(^F^0). (A12) 

In various calculations the following properties: 

= 0F^F^^, (A13) 

= _0ppp^pp^ 

are also useful. 

It is possible to decompose a D = 11 Majorana spinor in terms of its S'0(l,9) and 
S'0(8) components. Namely, from Eq. (A8) it follows that the decomposition 

9= (9^,9^), (A14) 

where a = 1,..., 16, holds. Here 9 and 9 are Majorana-Weyl spinors of opposite chirality 
with respect to the S'0(l,9) subgroup of the S'0(1,10) group. Further, from the third 
equation in (A8) it follows that in the decomposition 

9 = {9a,919',,9,), (A15) 

where a, a = 1,..., 8, the pairs 9,, 9', and 9',, 9, are SO(8) spinors of opposite chirality. 
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It is convenient to define the D = 11 light-cone F-matrices 


r+ = ^(r° + r^) = 72 

V2 


F" = ^(F°-F9) = 72 

72 


0 

00 

O 

0 0 

0 0 

0 

00 

1 

o 

/ 

( 

o 

o 

0 

0 Is 

-Is 0 

0 

o 

o 

/ 


F* = 

j^lO _ 


0 F* 

f* 0 

I16 0 

0 -I16 


where i = 1,..., 8. Then the eqnation F'^^ = 0 has a solntion 

0 = 7,,o,o77- 


Besides, nnder the condition F’^6' = 0 the following identities: 

ev+diO = erdiO = ev^^diO = o, 

(0F^ai0)F^0 = 0 


hold. 


(A16) 


(A17) 


(A18) 
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